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Abstract-This study formulates, by the technique of integral transforms, the solution of a
layered half space subjected to a concentrated force which may act either vertically or horizon­
tally in the interior of the system. Accurate approximations of the reciprocals of the common
denominators in the solution integrals are suggested in such a way that the latter are in standard
closed forms and can be identified by two parts. The first part is the singular part of Mindlin's
solution which is singular at the point ofapplication of the force, and the second is non-singular.
The solutions for plane problems are also obtained in closed forms by performing appropriate
integrations of the solutions for the corresponding three-dimensional cases.

1. INTRODUCTION

The static behavior of a multi-layer elastic half space has been a subject of interest since it
represents a closer approximation to many actual conditions of real soil in natural deposits,
which are layered in character. Adequate investigations for cases due to a force applied in
the interior of such a system should give more reliable informations for the analysis and
design of foundation systems such as the anchor of guy wire and suspension cable, etc.

General solution for two- and three-layer elastic half space in integral forms was first
given by Burmister[l, 2]. Subsequently, with the approximation of the reciprocal of the
common denominator involved in the integrals, the same author presented a complete
numerical solution for displacements and stresses in a layer with an underlying rigid base,
and loaded by a vertical concentrated force on the free surface[3]. By integration of Bur­
mister's solution, Poulos[4] presented the solution for any general shape of loaded area.
A two- or three-layer system loaded by a circular footing was studied by Acum and Fox[5].

The use of the technique of Hankel transforms in the analysis of axisymmetric problems
of an elastic half space subjected to indentation was presented by Harding and Sneddon[6),
and it was extended by Muki[7) to asymmetric problems. Westmann[8] generalized Muki's
formulation and obtained the solution for a two-layer system subjected to a surface shear.
Recently, Chen[9] presented a general formulation in the form of Fourier integrals in
Cartesian coordinates of a three-layer system, which is applicable for vertical loading over a
region of arbitrary shape on the surface. To improve the convergence of the numerical
integration, the solution integrals of these systems were subtracted by the ones for a homo­
geneous half space and the results were evaluated by the Gaussian quadrature method. For a
system consisting ofmany layers, a matrix method to reduce the computational work involved
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was proposed by Kuo[lO] and Thrower[ll]. Another general formulation by the technique
of Fourier transforms were derived by Lemcoe[12] for plane strain problem of a two-layer
system. The solution integrals were evaluated by numerical integration using Simpson's
rule. All of these works are limited to cases offorces acting on the surface of the half space.

Force at a point in the interior of a homogeneous elastic half space was first studied by
Mindlin[13]. The solution was obtained from Kelvin's solution by the method of synthesis
and superposition. This classical method requires ingenious guesses of the proper potential
functions. Mindlin reconsidered the same problem later[l4] and solved it directly by means
ofPapkovitch potential functions. The same potential functions were applied by Rongved[15]
to formulate the solution for a force in the interior of two joined semi-infinite solids. These
solutions can be obtained by using Muki's formulation as will be shown in the following
discussion.

The object of this paper is to apply Muki's formulation to the problem of a layered
elastic half space subjected to a concentrated force which may act either vertically or horizon­
tally in the interior of the system. To avoid the use of numerical technique in the evaluation
of the integrals involved, accurate approximations of the reciprocals of the common
denominators of the integrands by means of integral least square method are suggested.
And it will be shown that the proposed solution can be separated into two parts, the first
part is the singularity of Mindlin's solution which is singular at the point of application of
the force and the second is non-singular and expressed in terms of standard integrals
involving Bessel functions. The solution thus obtained is in closed forms. The solution for
the plane problems, also in closed forms. are obtained by performing appropriate integrations
of the solutions for the corresponding three-dimensional cases.

2. GENERAL EQUATIONS AND SOLUTION

A two-layer elastic half space whose elastic properties, denoted by the shear modulus J1
and Poisson's ratio v, for the upper and lower layers are distinct is depicted in Fig. 1. In
this study, four cases for a concentrated force applied either vertically or horizontally in the
interior of the upper layer or the lower layer, i.e. the half space, are presented.

Domain 1
N

.J:::
111 t VI Upper

DomOln 2 layer

/12 =/1,
1-'2= Llr

Damaln :3
Lower

/1 3 ' L·3
layer

Fig. 1. Force at a point in the interior of a layered elastic half space.

It is convenient to employ cylindrical coordinates (r, fI, z) and to introduce an imaginary
horizontal plane passing through the point of application of the concentrated force, which
leads to a three-domain problem. The general solution of the Navier displacement equations
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of equilibrium are obtained by Muki[7] through the utilization of Fourier expansions with
respect to the angular coordinate eand Hankel transforms with respect to the radial coordin­
ate r. Accordingly, the displacements u, v and W may be written as follows:

00

ui(r, e, z) = L umi(r, z)cos me
m;O

00

vier, e, z) = I vm;(r, z)sin me
m;O

00

Wier, e, z) = L wmi(r, z)cos me
m;O

(1)

(2)

(3)

where the subscript i = 1, 2 and 3 denoting the top, middle and bottom domains respec­
tively and, for each harmonic m,

umi(r, z) + vmi(r, z) =f0

00

([1/2Ami + 1/(1 + 1/Z)Bmi + 21/Em;]e~Z

+ [-1/ 2Cmi + 1/(1 -l1Z)Dmi + 211Fm;]e-~Z}l1Jm+l(11') d1/ (4)

Umi(r, z) - vmi(r, z) = faoo ([ _1/2Ami - 1/(1 + l1Z)Bmi + 211Em;]e~Z

+ [1/ 2 Cmi -1/(1 -l1Z)Dmi + 211Fmi]e-~Z}1/Jm_l(1/r) d1/ (5)

wmi(r, z) = f
o

oo
{[ _1/2Ami + 1/(2 - 4vi - l1Z)Bm;]e~Z

+ [-1/ 2 Cmi -1/(2 - 4v i + l1z)Dm;]e-~Z}l1Jm(1/r) d1/ (6)

where Jm is Bessel function of the first kind of order m, the coefficients Ami to Fmi are to be
determined from the boundary and continuity conditions, and A m3 , Bm3 and Em3 are set to
be zero in order to take into account the requirement that the functions should be bounded
at infinite depth.

Observe that equations (1)-(3) represent only the solution for the case which is symmetric
with respect to the coordinate axis e= O. For a complete presentation, it is necessary to add
the antisymmetric fields which are obtained by interchanging the roles of cos mfJ and sin me.
The normal stresses (jr' (jz and (j9' and shearing stresses 'zr' 'z9 and 'r9 corresponding to the
displacements can be obtained from Hooke's law.

3. VERTICAL CONCENTRATED FORCE

Case I-vertical concentrated force acting in the interior of the upper layer

For the case of a vertical concentrated force P acting downward at a depth z' below the
free surface as shown in Fig. 1, the problem is axisymmetric with respect to z-axis. The
displacement v, shearing stresses 'z9 and 'r9' and all the derivatives with respect to fJ vanish.
In this case equations (1)-(3) are simply given by harmonic terms for m = 0 only, and
Emi = Fmi = 0 which is observed from equations (4) and (5). For simplicity, the subscript m
will be omitted. The traction due to the concentrated force P can be represented in the form of
a Dirac delta function,

q(r) = Pb(r)
2rrr

(7)
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which may be represented in the integral form

q(r) = foo ij(tt)l1Jo(ytr) dl1
o

where

(8)

(9)

Boundary and continuity conditions. The free boundary conditions at the plane z = 0 are

(10)

The continuity conditions at the plane z = z' are

Ul(r, z') = uir, z'), w1(r, z') = wir, z')

O"z1(r, z') - O"zir, z') = q(r)

Lastly, the interface continuity conditions at the plane z = hare

(II)

(12)

(13)

uir, h) = u3(r, h),

O'zir, h) = O'z3(r, h),

w2 (r, h) = w3(r, h)

'tzr2(r, h) = 'tzr3(r, h).

(14)

(15)

Substituting the expressions of displacements and stresses into equations (10)-(15), in
view ofequations (8) and (9), leads to a set of ten simultaneous equations for determining the
ten coefficients AcDt> A2-D2 and C3 and D3 . Introducing the dimensionless terms

IX = '1h, , = z/h, p = r/h, p= z'/h, (16)

the displacements are in turn obtained in the following dimensionless forms:

where

D(IX) = 1 - (a + b + 4bIX2)e- 2
« + abe- 4

«

(3 - 4v 3) - ilo(3 - 4v1)
a = -----"'------

3 - 4V3 + /10

b = (1 - /10)
1 + J-lo(3 - 4V1)

J-lo = J-l3//11'

For i = 1 and 2,

(17)

(18)

(19)

(20)

(21)

(22)

(23)
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1
u;(a,O = -- [[ -4YOY2 - "/l(fi - ')a + 2f3'a2Je-{P+~)" + [-t(a - by!)

16nyo

+ bYI(f3 - Oa - 2b(1 - 13)(1 - Oa2]e-(2+P+~l" + ab(f3 - ')ae-(4-P+~)"

+ [-!YI(a b) + (8bYoY2 bf3 + a')a - 2bYIO - 13 - ')aZ

+ 4b(l - f3Ka3]e-(Z-P+o" + ab(f3 - Oae-(4+P-~)" + [-!YI(a b).

+ (8bYoY2 - af3 + bOa - 2bYI(l - 13 - Qaz - 4bf3(l - Oa3]e-(2+P-~)"

+ [-4abyo Y2 + abYI(f3 - Oa + 2abf3'a]e2-(4-P-O" - [!(a - byi)

+ bYI(f3 - Oa + 2b(l - /3)(1 - OaZ]e-(Z-P-~l"] (25)

1
w;(a, 0 = -6- [[(4yo Y2 + 1) + YI(f3 + Oa + 2f3'aZ]e-(P+'l" + [-!(a + byD

1 nyo

+ bYI(2 - 13 - ')a - 2b(l /3)(l - OexZ]e-(2+P+o" - ab[YI

- (13 - Oa]e-(4-P+O" + {1YI(a + b) + [2b(4YoY2 + 1) - bf3 + a']ex

+ 2bYI(l - 13 + ')aZ+ 4b(l - f3Ka3}e-(2-{HO" - ab[YI

+ (f3 - Oa]e-(4+P-P" + {1YI(a + b) + [2b(4yo Yz + 1) + af3 - b']a

+ 2bYI(l + 13 - Oaz + 4bf3(l - Oex3}e-(2+P-'l" + abe -(4yo Y2 + 1)

+ YI(f3 + Oa - 2f3'aZ]e-(4-P-O" + [·t(a + byD + bYI(2 - 13 - Oa

+ 2b(l - f3)(l - ')aZ]e-(2-P-~)«] (26)

and, for i = 3,

ui(a,O = Wi(IX, 0 = 0 (27)

1
u;(a, ,) = 8n [{(c - dYIY3) + 2[YI(C - d + d') - df3Y3]a + 4f3(c - d + dOaZ}e-(~+Pl"

+ {(-ac + bdh"l3) + 2bd[f3Y3 - 4(vl - V3) - YI'la

- 4bd(l - f3)(l - OIXZ}e-(H~+P)" + {cYI - dY3 + 2[c(l - 13)

- d(l - O]ex}e-('-Pl" + {( -aCYl + bdY3) + 2[acf3 - bd(YIY3 - 1 + O]IX

+ 4bd[f3Y3 YI(l - O]az + 8bdf3(1 ')a3}e-(2+~-P)"] (28)

1
w;(ex, ,) = 8n [{(c + dYIY3) + 2[YI(C - d + d') + df3Y3]a + 4f3(c - d + dOaZ}e-('-P)"

+ {-(ac + bdYIY3) + 2bd[2(3 2vI - 2V3) - f3Y3 - YI'lex

- 4bd(l - 13)(1 - QaZ}e-(H'+Pl" + {(CYI + dY3) + 2[c(l - 13)

- d(l - O]a}e-(~-P)" + {-(acYl + bdY3) + 2[acf3 + hd(YIY3 + 1 - ma
- 4bd[f3Y3 + YI(l - O]az + 8hdf3(1 O~3}e-(2+'-Pl"]. (2.9)

In equations (25)-(29),

Yo=l-v l , YI=3- 4vI' Y2=1-2v l , Y3=3-4v3 (30)
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1
c=---

1 + Ylflo
(31)

(32)d
Y3 + flo

Note that the solution functions take the same form for i = 1 and 2. Thus the proposed
solution is given in the form of a two-domain problem. The integrals given by iii(a, 0 and
wi(a, 0 in equations (23) and (24) correspond to the singularity of Mindlin's solution[13],
while the integrals given by iii(a, () and w;(ct, 0 are non-singular. It is of interest to mention
that Mindlin's solution can be derived by the application of the proposed solution technique
to the case of a homogeneous half space.

Evaluation o/integrals. To avoid the laborious numerical integration[8, 9, 12] in equations
(17) and (I 8), the reciprocal of D(a) involved in these equations will be approximated in such
a way that the integrals assume standard forms.

Since D(cx) is positive for all values of a from zero to infinite and asymptotic to unity as a
approaches infinite, it is reasonable to approximate 11D(a) by a series of exponential
functions of the form

I/D(cx) ~ 1 + R(cx) (33)

where
s

R(a) = L kje-PJ'x
j= 1

(34)

(35)k
1

= a + b - ab _ ±k.
1 - a - b + ab j=2 J

and s is a positive integer, k j are constants and Pj are real numbers greater than zero.
Observe that the approximate function proposed in equation (33) is smooth and con­
tinuous, asymptotically approaches lID(cx) at a --+ 00 and in view of equations (19), (34)
and (35), assumes the exact value of 11 D(cx) at a = O. Furthermore, it becomes unity when
flo = 1 and V1 = V3 and leads exactly to Mindlin's solution.

A logical scheme to determine P1, k j and Pj for j = 2 to s, is by a process of trial and error
with the help of the integral least square method. The normalized error in this case is
defined by

e(cx) = 1 - D(cx)[l + R(cx)]. (36)

The integer s may take a value equal to 4 as a starting point of this approximation as adopted
by Burmister[3] for the special case of a rigid lower layer. The values ofPj are first assumed
and the constants k j are then determined in such a way that the square of the error is
minimum, i.e.

j = 2 to s. (37)

Since the approximation of IID(a) as proposed yields the exact value of the latter at cx = 0,
the integration of the normal traction on a horizontal plane is equal to zero when the plane
is above the point of application of the force P, and equal to P when the plane lies below. If
the approximation thus obtained is not accurate enough for practical purposes, another set
sand Pj should be assumed for the second trial and so on.
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Solution in closed form. In view of the approximation of 1/D(rt.) given by equation (33),
the displacements for each layer given by equations (17) and (18) may be expressed in the
general form,

where

1=1* + I C

1* = ("1*(rt., OJm(prt.) drt.

JC = ("1(rt., 0[1 + R(rt.)]Jm(Prt.) drt..

(38)

(39)

(40)

The functions J*(rt., 0 and 1(rt., 0, in view of equations (23)-(29), can be symbolically written
in the forms

l*(rt.,O = I cnrt.ne-I/l-~I.
n

1(rt., () =II Clnrt.ne- fl
•

, n

(41)

(42)

where the indices I and n are either zero or positive integers, the coefficients Cn and C'n are
point functions andf, is a positive point function. In view of equations (33), (41) and (42),
equations (39) and (40) take the forms

where

1* = I cnG[m, n,IP - (I]
n

(43)

(44)

k o = 1, Po =0 (45)

G[m, n,p] = {X)rt.ne-P·Jm(Prt.) drt. for P > o.
o

(46)

Equation (46) involves standard integrals which are evaluated in closed forms and listed in
Appendix A. The integral 1*, which is singular at the point of application ofthe concentrated
force, is the singularity of Mindlin's solution while the integral JC is non-singular. Thus the
proposed solution is in closed forms. In the limiting case ofa homogeneous half space, {to = 1,
Vt = V3 and k j = 0 for j = I to s, and the integral I C simplifies into the non-singular part of
Mindlin's solution.

Case 2-vertical concentrated force acting in the interior of the lower layer

For the case of a vertical concentrated force P applied in the interior of the lower layer at
z = z', the half space is divided into three domains: domain I for 0 :s;; z < h, domain 2 for
h :s;; z :s;; z' and domain 3 for z' :s;; z < 00. Thus, P> 1 for this case. Prescribing the ten
boundary and continuity conditions in a similar manner as in Case 1 leads to the solution
which assumes the same form given in equations (17) and (18). In this case, for i = 1,

iii(rt.,O = wi(rt., 0 = 0 (47)
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1
Uj(cx, P = 87' [{YIC - Y3 d - 2[c(1 - n+ d(f3 - l)]a}e-(P-~)a + {-Ylac + Y3 bd

+ 2[bd(YIY3 - 1 + P) - ae(]a + 4bd[Y3 ( + Y1(f3 - 1)]a2 + 8bd(f3

- 1)(a3}e-(p+2-~)a + {e - "hY3 d + [-2Y1(e + dP - d) + 2dY3 na

+ 4(c + dP - d)(r:x2}e-(P+~)a + {-ac + bdYIY3 + 2bd[Y3(1 - ()

+ Yl(P - l)]a + 4bd(P - 1)(1 - pa2}e-(P+2+~)a] (48)

1
wj(a, () = 87' [{Y1C+ "l3 d + 2[e(1 - 0 + d(P - l)]ct}e-(P-Oa + {-(Ylac + bdY3)

+ 2[bd(YIY3 - P + 1) + ae(]a + 4bd[Yl(f3 - 1) - 1'3 (]a2 - 8bd(P

- 1)(a3}e-(P+2-~)a + {e + '11'13 d + 2[Yl(e + dP - d) + d"l3 (]a

+ 4(e + dP - dKa2}e-(P+oa + {-(ae + bdYIY3) + 3bd[Y3(1 - 0
- '11(/1- l)]Ct + 4bd(P - 1)(1 - OCt2}e-(P+2+0 a] (49)

and, for i = 2 and 3,

U~(Ct, 0 = 167'flO(11 _ v
3
) [-(P - Oae-IP-~Ia + {~ [(1 -flo)dY3 - 1]

+ (1 -flo)dY3(P - Oct + 2(1 -flo)d(P - 1)(1 - oa2}e-(P-2+~)a] (50)

w~(Ct, 0 = 16nflo(~ _ V3) [['13 + IP - (jCt]e-1P-"a'+ {- 1'; [1 + (l -flo)dY3]

+ (1 -flo)dY3(2 - P - OCt + 2(1 -flo)d(f3 - 1)(1 - oa2}e-(P-2+~)a]

(51)

1
uj(a,O '= 8n ['lICe -(p-2+~)a + {e - Ylac - 41'0 y~ d2 - 81'01'3 d 2(f3 - OCt + 4[e

+ 4edYo(f3 -1) - 4Yod(e + dP - d)(I - ()]a2{e-(P+Oa + [-ae + 4Yoy~bd2

+ 8Yobd2Y3(f3 - Od + 16Yobd2(P - 1)(1 - Oa2]e-(P+2+~)a] . (52)

1
w;{Ct,O = 8n [Ylee-(P-2+~)a + {e - Yl ac + 4Yoy~d2 + 8YoY3 d[2e + d({J + (- 2)]a

+ 4[e + 4cdYo({J - 1) - 4Yod(e + d{J - d)(1 - ()]Ct2}e-(P+~)a + [-(ac

+ 4Yoy~bd2) + 8Yoybd2(2 - P- OCt + 16Yobd2({J -1)(1 - Oa2]e-(P+2+~)a].

(53)

It should be mentioned that 1ID(a) is singular at Ct = 0 when flo = 0, which is immaterial
for Case 1 but a practical limiting condition for Case 2. For convenience in the treatment of
the latter, the solution for Case 2 is formulated in such a way that iii(Ct, 0 and wi(Ct, 0
contains singular as wen as non-singular terms. For flo '= 0, the case of a rigid upper layer,
the functions uj(a, 0 and wi(Ct, () of the lower layer vanish and the solution, given by
ui(Ct, 0 and wi(Ct, 0 only, is exact. Obviously this special case is identical to the half space
fixed on the surface, a limiting case of Rongved's solution.
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4. HORIZONTAL CONCENTRATED FORCE

1187

Case 3-horizontal concentratedforce acting in the interior of the upper layer

For the case of a horizontal concentrated force P applied at a depth z' below the free
surface as shown in Fig. 1, the problem is symmetric with respect to the coordinate axis
o= 0, oriented in the direction of the force, and the traction due to the concentrated force P
is represented in the form of equation (8).

Boundary and continuity conditions. The free boundary conditions at the plane z = 0 are

'z91(r, 0, 0) = 0,

(54)

(55)

The continuity conditions at the plane z = z' are

u1(r, 0, z') = uir, 0, z'), v1(r, 0, z') = v2(r, 0, z)

W1(r, 0, z') = w2(r, 0, z')

O"z1(r, 0, z') = O"zir, 0, z')

'Z91(r, 0, z') - tzdr, 0, z') = -q(r)sin 0

t Zr1(r, 0, z') - 'zr2(r, 0, z') = q(r)cos O.

Lastly, the interface continuity conditions at the plane z = hare

u2(r, 0, h) = u3(r, 0, h), vir, 0, h) v3(r, 0, h)

w2(r, 0, h) = w3(r, 0, h)

O"z2(r, 0, h) = O"z3(r, 0, h)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

In view of equations (59) and (60), the displacements and stresses are simply given by the
harmonic terms for m = 1 only. For simplicity, the subscript m will be omitted. The set of
fifteen coefficients Ac F1, A2-F2, and C3, D3 and F3 are to be determined from equations
(54)-(64). To facilitate this task, Ui and Vi are rewritten in combined forms as equations (4)
and (5) and the shearing stresses t z9i and 'zri are treated in the same manner[8]. In this case
the dimensionless forms of the displacements are given by

(65)

(66)

(67)

where

(68)
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v fOO { -* y -* [- Ulex, 0 V;(ex, O]}
Vi(p,~) = 0 [- Vi (ex,~) + Vi (ex, 0] + D(ex) + H(ex) Jo(Pex) dex

1 - 11H(ex) = 1 0 e- Z'.

1 + 110

For i = 1 and 2

Ui(ex, 0 = _1_ [-')'1 + (13 - Oex]e-1P-{I'
16nyo

V:"(ex r\ =~ e-1P-{I,
I ,~J 4n

(69)

(70)

(71)

(72)

wi(ex, 0 = _I- (f3 - Oexe -IP-,I' (73)
16nyo

Ui(ex,O = 16~YO [[ -(4yoyz + 1) + Yl(f3 + Oex - 2j3(ex z]e-(P+o, + [!-(a + byi)

+ bYl(2 - 13 - Oex+2b(1-j3)(l - OexZ[e-(2+ P+o, + ab[Yl + (13 - Oex]e-(4- P+O'

+ {- ~ (a + b) + [a( + b(8YoYl + 2 - j3)]ex - 2bYl(l - 13 + Oexz

+ 4b(l - j3Kex3}e-(Z-P+o, + ab[Yl - (13 - Oex]e-(4+ P- O, + {- ~ (a + b)

+ [aj3 + 2b(4yoYz + 1) - b(]ex - 2bYl(l + 13 - Oexz + 4bj3(l - oex3 }e-(2+ P- O'

+ ab[(4yoYz + 1) + Yl(j3 + O:x + 2j3(exZ ]e-(4- P-{)' + [-!-(a + byi)

+ bYl(2 - 13 - Oex - 2b(1 - j3)(l - O:xZ]e-(Z-P-o,] (74)

Vi(:x, 0 =~ [e-(P+{)' + 1 -110 {e-(Z-P+o, + e-(2+P-O' + e-(Z-P-O'}] (75)
4n 1 + 110

Wi(ex,O = _I- [[4YOYz - Yl(j3 - Oex - 2j3(:xZ]e-(P+o, + [!-(a - byi)
16nyo

+ bYl([3 - O:x + 2b(l - [3)(l - O:xz]e-(2+P+o, + ab(j3 - O:xe-(4- P+O,

+ {~ (a - b) + [-b([3 + 8yoYz) + a(]:x + 2bY1(l - [3 - O:xz + 4b(l

- [3Kex3}e-(Z-P+o, + ab([3 - 0:xe-(4+ P- O' + [~ (a - b) + (b( - a[3

+ 8yoYz):X + 2bYl(l - [3 - O:xz - 4b[3(l - O:x3]e-(2+P- O' + ab[4yoYz

+ Yl([3 - 0:x - 2[3(:xZ[e-(4- P-{), + [·!(a - byi) - bYl([3 - O:x

+ 2b(1 - [3)(l - O:xZ]e-(Z-P-o,] (76)



and, for i = 3,
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V*{a, n = Y*{a, ,) = wi{a, n = O. (77)

Vi{a, ,) = ;n [{ -(c + d'h"l3) + 2[Yl(C - d + d') + dfJY3]a - 4fJ(c - d + dOa2}e-{'+/l)~

+ {(ac - bdY1Y3) + 2bd[Yl{1 - 0 + Y3(l - fJ)]a + 4bd(1 - fJ)(l
- na2}e-{2+'+P)~ + {( -CYl + dY3) + 2[c(1 - fJ) - d(l - ma}e-{'-P)~

+ {(acYl - bdY3) + 2[acfJ + bd(Y1Y3 + 1 - ma + 4bd[Yl{1 - 0
+ Y3fJ]a2 + 8bdfJ(l- Oa3}e-{2+'-P)<X] (78)

(79)

(81)

1
w,(a,O = 8n: [{-c + dY1Y3 + 2[Yl(c - d + dO - dfJY3]a - 4fJ(c - d + dOa2}e-{'+P)<X

+ {(ac - bdY1Y3) + 2bd[Yl(l - ,) Y3(l - fJ)]a + 4bd(l - fJ)(1 - Oa2}e-(2+'+P)~

+ {( -CYl + d}'3) + 2[c(l - fJ) - d(l - ma}e-('-P)<X + {(acYl - bdY3) + 2facfJ

- bd(Y1Y3 - 1 + ma + 4bd[Yl(l - 0 - Y3fJ]a2 + 8bdfJ(l - Oa3}e-(2+'-/l)<X).
(80)

The denominator D(a) takes the same form as equation (19). Again the proposed solutionis
given in the form of a two-domain problem. The integrals given by V*(a, 0, Y*(a, 0 and
w*(a, 0 correspond to the singularity of Mindlin's solution for a horizontal concentrated
force. The total solution of the latter can be obtained as a limiting case.

Evaluation of integrals. Following the same arguments used in the approximation of
IjD(a), IIH(a) will be approximated by

1
H(rx) ~ 1 + R'(a)

where
s'

R'(a) = L kje-p/<X
j=l

(82)

k; = 1 - flo - f kj. (83)
2flo j=2

In view of the approximations of 11D(a) and IjH(a), the integrals in equations (65) and
(66) may be expressed in the same general form as equation (38) with 1* and I C taking the
forms

1* = ('U!(a, '> + i'i(Ci, O]Jm(PCi) dCi (84)

r:= ("{ll(a, m1 + R(a)] + lkt, ')[1 + R'(a)]}Jm(pa) da. (85)

As in Case 1, the singular integral 1* and the non-singular integral I C are given in closed
forms of finite series of standard integrals G[m, n, p] as defined in equation (46) and listed
in Appendix A.

lJSS Vol. 10 No. lI-B
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Case 4-horizontal concentrated force acting in the interior of the lower layer

For the case of a horizontal concentrated force P applied in the interior of the lower
layer at z = z', the half space is divided into three domains as in Case 2. Prescribing the
fifteen boundary and continuity conditions in a similar manner as in Case 3 leads to the
solution which assumes the same form given in equations (65)-(67). In this case, for i = 1,

Vi(a, 0 = V;*(a,O = wi(a, 0 = 0 (86)

Vi(a, 0 = :n[{ -·HYtc + Y3 d) + [c(1 - 0 + d(P - 1)]a}e- iP - P<x +fHY1ac + Y3 bd)

+ [bd(Y1Y3 - fJ + 1) + acna + 2bd(Y3 ( - Y1)a2 - 4bd(fJ - lKa3}e-iP+2-~)<x

+ {-t(c + Y1Y3 d) + [Y1(C - d + dP) + Y3 dna - 2[c + d(P - l)Ka2}e- iP+O
<X

+ {Hac + Y1Y3bd) + bd[yil - 0 - Yt{P - 1)]a - 2bd(P - 1)(1 - Oa2}e-(P+2+~)a].

(87)

(88)

1
w;(a, 0 = 4n [H(-Y1 C + Y3 d ) - [c(1 - 0 + d(P - 1)]a}e- iP - O

<X + fHY1 ac - Y3 bd)

+ [bd(YtY3 + fJ - 1) - acna - 2bd[Yt(P - 1) + Y3 nx2 + 4bd(fJ - 1)(a3}e-iP+2-~)<X

+ {t(-c + Y1 Y3 d) + [-Y1(C - d + dP) + Y3d(]a - 2[c + d(fJ - 1)] + (a2}e-iP+~)X

+ t(ac - Yt'13bd) + bd[yil - 0 + Yt(P - 1)]a - 2bd(fJ - 1)(1 - Oa2}e-(Pc 2+
p aJ
(89)

and, for i = 2 and 3,

Vi(a,O 16nJf.o(~ _ v
3
) [[ -Y3 + (fJ - Oa]e-IP-~Ia + r; [1 + Y3(1 - Jf.o)d]

+ (1 - Jf.O)dY3(2 - P - ()a - 2(1 - Jf.o)d(fJ - 1)(1 - oa2}e- iP -2+0 a] (90)
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Ui(a,O = 4
1
n [- lYl ce -(P-2+l;Ja +( -Hc - Yl ac + 4yo Y~ d2) + 4yo Y3 d(2c - 2 + fJ + Oa

- 2{c + 4Yod[c(fJ - 1) - (c - d + dfJ)(1 - ()]}a2)e-(P+~)a + [-Hac + 4Yoy~bd2)

+ 4YoY3bd2(2 - fJ - Oa - 8Yobd2(fJ -1)(1 - Oa2]e-(P+2+~)a] (93)

r;(a,O = /10 [e-(P+I;Ja + e-(P-2+~)a] (94)
2n(1 + /10)

1
wi(a, 0 = 4n [ -lYlce -(P-2+l;Ja + (-1-( - c + Yl ac + 4yo Y~ d 2) - 4yo Y3 d2(fJ - Oa

- 2{c + 4Yod[c(fJ - 1) - (c - d + dfJ)(1 - ()]}a2)e-(P+I;Ja + [l(ac - 4Yoy~bd2)

+ 4Yobd2Y3(fJ - Oa - 8Yobd2(fJ - 1)(1 - Oa2]e-(Jl+2+~)aJ. (95)

It should be mentioned that, in this case, I/D(a) and I/H(a) are singular at a = °when
/10 = 0, a practical limiting case. The solution is formulated in the same manner as Case 2,
and Di(a, 0, ri(a, 0 and wi(a, 0 contain singular as well as non-singular terms. For
/10 = 0, the functions Di(a, 0, riCa, 0 and w;(a, 0 of the lower layer vanish, and the solution,
given by Di(a, 0, rica, 0 and wi(a, 0 only, is exact. The latter is the solution of the half
space fixed on the surface, a limiting case of Rongved's solution.

5. PLANE PROBLEMS

For the plane strain problem of a vertical line force uniformly distributed on a line
parallel to y-axis, the solution can be obtained from that for a concentrated force P by per­
forming an appropriate integration[16]. The normal stresses G'zi and G'xi and shearing
stresses <zxi are obtained with dimensionless forms,

(96)

(97)

(98)

where u:i(a, 0, i:ri(a, 0, u;i(a, 0, uzi(a, O,Tzri(a, 0 and ur;(a, 0 are functions obtained from
the corresponding solution for a concentrated force P, and

~ = x/h. (99)

(101)

(100)

In view of the approximation of 1/D(a), equations (97)-(98) may be expressed in the
general form of equation (38). In this case, the integrals 1* and r are given by finite series
of standard integrals Gs[n, p] and GcCn, p] in the forms

Gs[n,p] = r"a(n-l)e- pa sin ~a da
o

GcCn,p] = r"a(n-l)e-pacos ~ada
o
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in which n = 0 and positive integers, and p > O. The closed form solutions (100) and (101)
are listed in Appendix A.

For the case of a horizontal line force, the solution of the plane strain problem is obtained
in similar forms as given by equations (96)-(98) with the substitutions of (-cos ~IX) and
sin ~IX for sin ~IX and cos ~IX respectively.

The solution of a plane strain problem with Poisson's ration v can be taken as the solution
for a plane stress problem with Poisson's ratio equal to v/(l - v). It is of interest to note
that equations (96)-(98) yield Melan's solution[17] as a limiting case of a homogeneous half
plane under plane stress condition.

The displacements in these plane problems, as in any plane problems involving an
infinite elastic domain, are arbitrary.

6. NUMERICAL RESULTS AND DISCUSSION

For any values of VI and "3' IID(IX) is greater than unity when flo < 1; and less than unity
but greater than zero when flo > 1. This is shown in Fig. 2 for VI = V3 = 1/4 and flo = 0'02,
0'1 and 5·0 as examples. Furthermore, for flo < 1, the value of IID(O) increases as flo
decreases. This information is very helpful in assuming the set of Pj in the approximation
scheme. For VI = V3 = 1/4, and flo = 0,02,0,1, 0'5, 5,0, 10,0 and 00, the approximations of
IID(IX) and IIH(IX) are given in Appendix B. For other values of Poisson's ratio, the approxi­
mations are presented in [16].

, I I
A,E;fl=002! I : ;.. I ------r----~-~____:_~_______j

I i A = Approximote

I I E = Exoct
A,E,flo=O.1 i f/D(IlC)

----l--~---------1-----t/H(a)

I V, = v3 =t
I Asymptotic to t~

I--+---+-----+--o--~_

!
I

630

330

30

d
J:

~ 20
."
c:
0

~
0

~

0.5 F'-= "'f=

0.0 L----L----l--...L--....:...--.l..---::
3
'::--='=-----!40

0.0 05 10 20 2.5 .0
a

Fig. 2. Comparison of the reciprocals of the common denominators with their approximations.

The comparison of IID(IX) and lIH(IX) with their approximations over the whole domain
of interest, 0 ~ Ci. < 00, as shown in Fig. 2, is quite satisfactory for all cases. These approxi­
mations may lead to slight violation of the boundary and continuity conditions, but the
discrepancies are not significant for practical proposes as shown, for examples, in Figs. 3-8.
The results for the displacements yield higher order of accuracy.

For the case of a vertical concentrated force applied at the mid-depth of the upper layer
with flo = 5,0, Figs. 4 and 5 show that the stresses U z and 1'zr are continuous at the interface
and damp out slowly inside the lower layer. Figure 5 shows a double-peak distribution of 1'zr

at different radii near the horizontal plane through the point of application of the force,
which is due to the high concentration of stresses in the vicinity of the force where the
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I
~s;- ---....
,---- I'--

~ ( ----
p=o.O ~~

V
p=O 25 f(

- p=0.5 /
p= 1.0 V

I I

v =v =J..
I 3 4

I

1.0

1.5
-306-206 -106 -6 -4 -2 0 2 4 6 106 206 306

hZ
paz

0.0

0.5

Fig. 4. Distribution of az for Case 1, f3 = 0·5 and JLo = 5·0.

p
V

V1-----.
------. f-

p= 0.025 r I:j~p=o.\
P=O.25 '//
p=o.O

v=v=l
I 3 4

I1.5
-96 -66 -36 -6 -4 -2 0

hZ

pTz,

00

1.0

.s::.....
N

0.5

Fig. 5. Distribution of T z, for Case 1, f3 = 0·5 and JLo = 5'0.
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singularity of Mindlin's solution is dominant. Another set of numerical results is presented
in Figs. 6-8 for the case of a horizontal concentrated force applied at the mid-depth of the
upper layer with lio = 0·02. The stresses in the lower layer are small due to the low ratio of

lio·

I

~
/p=o

-
-I'---f\~ P=0.05

"'-- p =0.25
t--- P=O.I

.

Vt V3= t
I I1.5

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

h
2

P [OZ/cosO]

Fig. 6. Distribution of U z for Case 3, f3 = 0·5 and fl-o = 0·02.
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p=01-~~~/ ?
"
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: Kp=o

,

1-----

"l
. - -----,-_ . ,-.

IV1=V3= t
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-151 -101 -51 -I -0.5 0 05 51 101 151

h2
P [TZI/s,n 0]

Fig. 7. Distribution of T z8 for Case 3, f3 = 0'5 and fl-o = 0·02.

0.0

1.0

0.5

The effect of lio on the distribution of interface U z for the cases of vertical and horizontal
concentrated forces are shown in Figs. 9 and 10 respectively. It is observed that the stronger
the layer in which the force is applied, the faster the stress U z decays in the unloaded layer. It
is also true for the stresses Tzr and TzO' However, this viewpoint is not applicable to Ur ,

(10 and TrO since discontinuities are allowed at the interface, and the rigidity of the lower
layer plays a dominant role in this case. The error introduced by assuming both layers to be
homogeneous, i.e. lio = I, may be large and give a completely wrong picture of the stress
distributions in the actual system.

For the case of a vertical line force acting on the surface of a two-layer elastic half plane,
good agreements are found between the results obtained by the proposed solution and those
given by Lemcoe's solution[12], as shown in Fig. II. In Westmann's solution[8] for a two­
layer half space subjected to a surface shearing force uniformly distributed over a circular
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Fig. 11. Comparison of interface at in a half plane problem with Lemcoe's solution.

area, the same common denominators D(a.) and H(a.) occur in the solution integrals. With
the proposed approximations of l/D(a.) and I/H(a.) for the case where /10 = 0'1 and v = 1/4,
the computed interface shearing stress Tty at p = 0 agrees with Westmann's solution within
O'5 per cent.

7. CONCLUSIONS

The accuracy of the proposed approximations of 1/D(a.) and l/H(a.) has been verified by
the results of the proposed solution, which show that the slight violation of the boundary
and continuity conditions due to these approximations is not significant for practical pur­
poses. The comparisons of l/D(a.) and I/H(a.) with their approximations as shown in Fig. 2
are satisfactory even for the worst case. The approximations are asymptotic to unity as
a. -+ Cf) and assume exact values at a. = O. The latter guarantees that the integration of the
traction on a horizontal plane is equal to zero when the plane is above the point of applica­
tion of the force P, and equal to P when the plane lies below.

The proposed closed form solution yields good results without laborious work required
by numerical integration technique[8, 9, 12]. The identification of the singular part of the
solution assures good precision in the vicinity of the point of application of the force.

Although the proposed solution for the two-layer half space is approximate. it yields, as
limiting cases, the exact solution of Mindlin and Melan as well as of the half space fixed on
the surface, the latter a limiting case of Rongved's solution.

The numerical results which show the effect of /10 on the stress distributions at a distance
away from the force are ofpractical interest in the analysis and design offoundation systems
involving two layers of distinct properties, such as pavement on grade and the anchors of
guy wire and suspension cable in stratified soil.

The solution for the case of a force arbitrarily distributed over an area may be obtained by
an appropriate superposition of the solution for a force with intensity qo uniformly dis­
tributed over a small area of radius ro . The solution of the latter case can be obtained by
means of the Hankel transform q(l'/) of the applied traction q(r) equal to qOJ1(rOI'/)/(nro11).

The extension of the proposed solution to a multi-layer system, while laborious, presents
no fundamental difficulty.
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A6cTpaKT - Ha OCHOBe rrOJIYMeM6paHHoil TeopHH 060JIO'ieK orrpeAemleTCli HOBal! AHCKpeTHO­
CrrJIOilIHali aHaJIHTH'ieCKali MOAeJIb AJIli rrpH3Manl'ieCKHX 060JIO'ieK c IIIecnlyrOJIbHbIM
rrOrrepe'iHbIM Ce'ieHHeM. BbIBOAlITCli OKOH'iaTeJIbHO pe3YJIbTaTbI AJIli HarrplilKeHHii B BHAe
HeCJIOlKHbIX BblpalKeHHii.

TIpoBeplieTcli rrpeAJIaraeMali MOAeJIb c TO'iKH 3peHHlI aHaJIH3a H pe3YJIbTaTOB KOHe'iHOrO
::lJIeMeHTa. OueHllBaeTcli TO'iHOCTb BO Bcex HCCJIeAOBaHHbIX CJIY'iallX, KOTopali HCKJIlO'iHTeJIbHO
Ha,lJ;JIelKall.\a. TI03TOMY oKa3bIBaeTcll, 'iTO noil MeTOA AaeT rrpocTbliI, HO MOll.\HhIil: HHCTpy­
MeHT, B 06JIaCTH rrpoeKTHpoBKH rroAc6opHbIX Tpy60rrpoBoAoB lIAepHblx peaKTOpoB.

APPENDIX A-STANDARD INTEGRALS IN CLOSED FORMS

The infinite integrals involving Bessel functions of the form

G[m, n, p] = f)a~e - paJm(pa) da
o

are given in closed forms as follows. For p > 0,

I
G[O, O,p] = R

P
G[O, I,p] = R 3

I ( 3
p2

)G[O 2 p] = - - I - -, , R 3 R2

(46)

(AI)

(A2)

(A3)
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[ _ 3p (3 _5
p2

)GO,3,p] 5 2
R R

3 ( 30p2 35p4)
G[O,4,p] =R5 3 - R2 + R4

G[l 0 ] - p
, ,p - R(R + p)

P
G[l, 1, p] = R3

3pp
G[l, 2,p] = R5

3p ( P2)G[l 3 p] = - - 1 - -, , R5 R 2

-15pp ( 7p2 )
G[1,4,p]=~ 3 - R 2

p2
G[2, 0, p] = R(R + p)2

p2 ( P)
G[2, 1,p] = R2(R + p)2 2 + R

3p 2

G[2, 2, p] = R 5

15p 2p
G[2,3,p]=~

G[24 ] = 15p2 (6 _ 7
p2

)
"p R' R2

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(A 10)

(All)

(AI2)

(A13)

(A14)

(A15)

R = (p2 + p2)1/2.

For plane problems, the infinite integrals of the forms

G.[n, p] = {tJ rx(n-l)e - P' sin ~rx da

Gc[n,p] = tX

'a(n-l)e- P7 cos ~rx drx

are given in closed forms as follows. For n ~ °and p > 0,

G,[O,p] = tan-l(~/p) + OC!

~
Gs[l,p] = 2R1

2~p
Gs[2,p] =-;r

R1

(A16)

(100)

(101)

(AI7)

(A18)

(A19)
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2~ ( 4e) (A20)Gs[3,p] = Rf 3 - Ri

6~p ( Se) (A21)Gs [4,p] = R1 4 - Ri

GAO,p] = -In(R1) (A22)

p
(A23)GAI,p] = R2

1

I ep2
) (A24)GA2,p] = Ri Ri - I

2p (4
p2

) (A25)GA3,p] = Rf Ri - 3

6 [SP2 (p2 ) ] (A26)GA4,p] = Rf Ri Ri - I + I

where
R1 = (~2 + p2)1/2. (A27)

APPENDIX B-APPROXIMAnONS OF I/D(rx.) AND I/H(rx.).

The approximations of IID(r:x) and IIH(r:x) for V1 = V3 = 1/4 and various values of flo are
given as follows. For flo = 0,02,

IID(r:x) ~ I + IS'74e-2~ + 112'3e-5~ - 144'2e-8~ - 44'9Se-11~ + 139'4e-14~

- 106'2e-17~ - 452'5e-20~ + 1060'Oe-23~

IIH(r:x) ~ I + 1'7S3e-2~ - IS'24e-5~ + 123'5e-8~ - 255'ge-11~ + 173'3e-14~

for flo = 0'1,

IID(r:x) ~ I + 16'43e-2~ - 45'4ge-4~ + 109'4e-6~ - 94'07e-8~ - 40'42e-l0~ + SI'13e-12~

IIH(r:x) ~ I + 0'7114e-2~ + 3'057e-4~ - 15'4e-6~ + 45'12e-8~ - 55'4ge-l0~ + 26'5e-12~

for flo = 0'5,

IID(r:x) ~ I + 3'474e-2~ - 1O'66e-4~ + 14'S4e-6~ - 6'433e-8~

IIH(r:x) ~ I + 0'332Se-2~ + O'1l62e-4~ + 0'0207e-6~ + O'0302e-8~

for flo = 5'0,

IID(r:x) ~ I -0'9117e-2~ + 0'36S4e-4~ + 0'OI217e-6~ - 0'1266e-8~

IIH(r:x) ~ I - 0'6647e-2~ + 0'421ge-4~ - 0'212e-6~ + 0'054ge-8~

for flo = 10'0,

IID(r:x) ~ I - l'OSle-~ + 0'5355e-2~ - 0'1211e-3~ - 0'0526e-4~

IIH(r:x) ~ I - O'SI3ge-2~ + 0'6ISge-4~ - 0'3534e-6~ + O'09S4e-8~

and, for flo = 00,

IID(r:x) ~ I - 1'26ge-~ + 0'6996e-2~ - 0·193Se -3~ - 0'0l35e-4~

IIH(r:x) ~ I - 0'990ge-2~ + O'S915e-4~ - 0'5695e-6~ + 0·16Sge-8~.

The approximations of II D(r:x) and IIH(r:x) for other values of Poisson's ratio are presented
in [16].


